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We classify the geometry of all supersymmetric IIB backgrounds which admit 
the maximal number of G-invariant Killing spinors. For compact stability sub- 
groups G = G2, SU{3) and SU{2), the spacetime is locally isometric to a product 
Xn X YiQ-n with n = 3, 4, 6, where Xn is a maximally supersymmetric solution 
of a n-dimensional supergravity theory and Yio-n is a Riemannian manifold with 
holonomy G. For non-compact stability subgroups, G = K iK M. , K = Spin{7), 
SU{4:), Sp{2), SU{2) X SU{2) and {!}, the spacetime is a pp-wave propagating 
in an eight-dimensional manifold with holonomy K. We find new supersymmetric 
pp-wave solutions of IIB supergravity. 



1 Introduction 

Supersymmetric backgrounds in supergravity theories can be characterized by the num- 
ber of Kilhng spinors A^ and their stabihty subgroup G in an appropriate spin group 
pp. For a given stabihty subgroup G, it has been shown in J21IS] that the Kilhng spinor 
equations of IIB supergravity jH IHl IE] simphfy for two classes of backgrounds: (i) the 
backgrounds that admit the maximal number of G-invariant Killing spinors, and (ii) 
the backgrounds that admit half the maximal number of G-invariant Killing spinors. 
In particular the Killing spinors for the former case, the maximally supersymmetric 
G-backgrounds, can be written as 

N 

ei = ^ fij Vj , j = l,...,N = 2m , (1.1) 

i=i 

where fjp, p = 1, . . . , ?7i is a basis of G-invariant Majorana-Weyl spinors, rim+p = if]p, and 
{fij) is a N X N matrix with real spacetime functions as entries. In addition, the Killing 
spinor equations and their integrability conditions factorize, see also appendix A. 

The IIB Killing spinors are invariant under the stability subgroups Spin{7) kM^ {N = 
2), SU{4) X rS (AT = 4), Sp{2) x M^ (N=6), {SU{2) x SU{2)) xR^ {N = 8), R^ (A^ = 16), 
Ga (A^ = 4), SU{3) {N = 8), SU{2) (N = 16) and {1} (A^ = 32), where A^ denotes the 
(maximal) number of invariant spinors in each case. The maximally supersymmetric IIB 
backgrounds, {1} (A^ = 32), have been classified in [71, where it was found that they are 
locally isometric to Minkowski spacetime R^'^, AdS:^ x 5*^ |5j and the Hpp-wave [S] . In 
addition, the geometry of the maximally supersymmetric Spin{7) x R^-, 5'[/(4) x R^- and 
G2-backgrounds has already been investigated |21IS! using the spinorial geometry method 
of jTUj. Here we shall use the same method to investigate the remaining cases. There 
are two classes of maximally supersymmetric G-backgrounds depending on whether G 
is a compact or non-compact subgroup of Spin{9, 1). The geometry of the backgrounds 
in the two cases is distinct. To outhne our results we denote with ds'^{S'^) the metric 
of the round /c-dimensional sphere S'', with ds'^{AdSk) the metric of /c-dimensional anti- 
de-Sitter space AdS^ and with ds'^{CWk{A)) the metric^ of the fc-dimensional Cahen- 
Wallach space GWk{A) associated with the (constant) quadratic form A. The metric 
and fluxes are expressed in terms of orthonormal or null frame bases which arise from 
the description of the spinors in terms of forms. Our spinor conventions can be found in 

1.1 Backgrounds with compact stability subgroups 

The geometry of the maximally supersymmetric G-backgrounds, where G is a compact 
subgroup of Spin{9, 1), is as follows: 

• G2: The spacetime is locally isometric to the product R^'^ x Yj, where Y^ is a G2 
holonomy manifold. The metric and fluxes are 

ds\M) = ds\M.^'^) + ds^Yj) , G = P = F = , (1.2) 

iThe metric is ds^{CWkiA)) = 2dx- {dx+ + \AijX^x^ dx-) + {dx'f, see 0. 



i.e. the fluxes vanish. 

5*^(3): The spacetime M is locally isometric to a product of a four-dimensional 
symmetric Lorentzian space and a six- dimensional Calabi-Yau manifold Yg- Iii 
particular, the spacetime is 

— M = AdS2 X S*^ X Fg, and the metric and fluxes are 

ds^{M) = ds\AdS2) + ds\S^) + ds\Ye) , 

ds'iAdS2) = -{ey + (e'y , ds'iS') = (e')' + (e^ , 

F = -^[H^ A Rex - H^ A Imx] , X = (e^ + ie'^) A (e^ + ie^) A (e^ + ie^) , 

H^ = Ai e° A e^ + A2 e^ A e\ H'^ = -Ai e^ A e^ + A2 e° A e\ 

G = P = 0, (1.3) 

where the scalar curvature of AdS2 and S^ are RAdS2 = ~Rs'^ = ~4(/^ + /|). 

— M = CW4^{—2fi'^l) X Yg, and the metric and fluxes are 

ds\M) = ds'^iCWi) + ds\Ye) , 

F = ^[H'ARex-H'Almx] , 

ifi = /ie-Ae\ H'^ = fj. e~ A e^ , 

G = P = 0. (1.4) 

— M = M'^'-'^ X Yq, and the metric and fluxes are 

ds\M) = ds^m^'^) + ds^Ye) , 

F = G = P = . (1.5) 

SU{2): The spacetime M is locally isometric to a product of a six-dimensional 
symmetric Lorentzian space and a four- dimensional hyper-Kahler manifold Y4. In 
particular, the spacetime is 

— M = AdS^ X S^ X Y4^, and the metric and fluxes are 

ds\M) = ds^AdSs) + ds\S^) + ds\Y4) , 

ds'iAdS,) = -(e°)2 + {e'f + {e'f , ds'iS') = (e'f + (e^)^ + (e^)^ , 

F = \vujAH , 

G={v^ + w^)H , H = le^ Ae^ Ae^ + le^ Ae* Ae> , 

P = 0, (1.6) 

where v ■ Co = v^Coi + v^Qjj -|- v^Qjk is a linear superposition of the Kahler 
forms cj/, Cjj and Cjk of the hyper-Kahler manifold 14, v^ = \ and the scalar 
curvature RAdSs = — -R53 = — |/^. 

— M = CW6(— |/i^l) X y^, and the metric and fluxes are 



ds\M) = ds\GWe) + ds'iY^) 

F = \vuj AH , 

G = {v* + iv^)H, H = fxe-/ 

P = . (1.7) 



F = \vLd AH ^ 

G = {v'^ + iv^)H , H = fie~ Ae^ Ae^ - fie~ A e^ A e'^ 



— M = R^'-*^ X 1^4, and the metric and fluxes are 

F = G = P = Q . (1.8) 

Therefore, we have shown that the maximally supersymmetric G2-1 SU{3)-, and 
S'f/(2)-backgrounds for G compact are the maximally supersymmetric solutions of A/" = 
1, A/" = 2 and (2,0)-supergravities in three, four and six dimensions, respectively, lifted 
to IIB supergravity. The maximally supersymmetric solutions for the A/" = 2 four- 
dimensional supergravity have been found in ^^, see J2] for a more recent account. 
In six dimensions, the maximally supersymmetric solutions of (1,0) supergravity have 
been classified in ^3] and of the (2,0) supergravity in j2]- In three dimensions, it 
is straightforward to show that the only maximally supersymmetric solution is locally 
isometric to Minkowski spacetime. 

1.2 Backgrounds with non-compact stability subgroups 

Next we turn to investigate the geometry of maximally supersymmetric G = K \>< M^- 
backgrounds for K = Spin{7), SU{A), 5p(2), SU{2) x SU{2) and {1}. It turns out that 
the spacetime M always admits a null parallel vector field X and the holonomy of the 
Levi-Civita connection of spacetime is contained in K k M^, i.e. 

VaX = , hol(V) CK kM.^ . (1.9) 

Therefore, the spacetime is a pp-wave propagating in an eight-dimensional Riemannian 
manifold Yg such that hol(V) C K, where V is the Levi-Civita connection of Yg. Alterna- 
tively, the spacetime is a two-parameter Lorentzian deformation family of Yg. Adapting 
coordinates along the parallel vector field X = d/du, the metric can be written as 

ds"^ = 2dv{du + Vdv + n) + ds'^{Ys) = 2dv{du + Vdv + n) + 'jijdy^dy^ , (1.10) 

where the metric 7/j = 5ije\e'j of Yg niay also depend on the coordinate v. The require- 
ment that hol( V) C K implies that the components e^ ^A,ij of the connection one-form 
take values in the Lie algebra of K, t. 
In all cases, the fluxes are null, i.e. 

P = P_(t;)e", G = e~AL, F = e' A M , (1.11) 

and the Bianchi identities give dP = dG = dF = 0, where L and M are a two- and a self- 
dual four-form, respectively, of Y'g. In particular, one finds that P = P_(f ). The most 
convenient way to give the conditions that the Killing spinor equations impose on the 
fluxes is to decompose L G A^(M'^) C and M G A^"'"(M^) in irreducible representations 
of K. In particular, one finds that 

L = L' + r"^" , M = M^'^" + M , (1.12) 

where L* is the Lie algebra valued component of L in the decomposition A^(M^) = 6 + 6-*", 
and L™^ and M™^ are i^-invariant two- and four-forms, respectively. M™^ decomposes 



further as M™^ = m^ + M'°^, where m° has the property that the associated Chfford 
algebra element satisfies m^e = ge, g ^ a spacetime function, for all Killing spinors e. 
In a particular gauge, the Killing spinor equations imply that g is proportional to Q- 
and restrict the spacetime dependence of L"" and M"". Furthermore, M takes values in 
a representation of K in A^+(R^) with the property that the associated Clifford algebra 
element satisfies Me = for all Killing spinors e. L' and M are not determined by the 
Killing spinor equations. In particular, one finds^ the following: 

• Spin{7) K M^: 

G = e^ A L^P'"(^) , F = e- Ai^Q-{v)ij + M^^) , (1.13) 

where ^jJ is the invariant Spin{7) four-form, Q- depends only on v, and L^P"*^^) and 
M = M^'^ are not determined in terms of the geometry. 

• SU{A) K R^: 

G = e- A (L^"(^) + e{v)uj) , 

F = e" A ( - j2Q4v)u Aco + Re {m{v) x) + M^'^) (1.14) 

where x is the S'f/(4)-invariant (4,0)-form, i, m and Q- depend only on v as 
indicated, and M = M^'^ is a traceless (2,2)-form. 

• Sp{2) K M^: 

G = e- AiL'^^^^ +r{v)ujr) , 

F = e~ A l-^Q4v)ilj + m'''{v)iUr A cj, + M^^) (1.15) 

where uji = cui, uj = 002 and u;x = ^3 are the Hermitian forms of the quaternionic 
endomorphisms /, J and K, ip = X]r=i ^r A Ur, m^'^ is a symmetric traceless 
3 X 3-matrix that depends only on w, £^ = £(w), and M = M^^. 

• (5f/(2) X SU{2)) X rS; 

+ £^(t;)X2 + ^'(t^)Xi+^'(^^)X2), 
F = e~ A {—^Q^{v)[uJi AuJi + U2 A UJ2] + m^(f)c<Ji A CJ2 + Re[m^(f)c<Ji A X2 

+ m^(t;)cJ2 A xi + m'^iv)xi A X2 + "^^(t^)xi A X2] + M^^'^^) , (1.16) 

where the pairs {uJi,Xi) and ((^25X2) are the hermitian (1,1)- and holomorphic 
(2,0)-forms associated with the {SU{2) x SU{2)) x M^-structure, i,m depend only 
on V, and M = M^^'^\ 



G = e-AL{v), F = e- AM{v) , (1.17) 

where L and M are a two- and a self-dual four- form on R®, respectively, and depend 
only on v. 



^To solve all conditions that arise from the Killing spinor equations, we present our results in a 
particular gauge. 



The integrability conditions of the Kilhng spinor equations and the Bianchi identities 

imply that all field equations are satisfied provided that E = 0, where E denotes 

the component of the Einstein equations. This in turn gives 

-|F_,,..,,F_^--^* - IGJ-'^GU^,^ - 2P_P: = , (1.18) 

where 7^"^ is the inverse of the metric 7/j defined in fll.lO|) . For the special case of fields 
independent of v, this equation becomes 

- DsV + \{dn)i,{dnr - \F^^,...^,FJ^■■■'^ - \GJ-'^GU^,.^ - 2P^P1 = , (1.19) 

where Ds is the Laplacian on the eight-dimensional space Ys and dn takes values in 6. 

The backgrounds that we have found can be thought of as vacua of IIB string theory. 
This particulary applies to compact stability subgroups. The backgrounds M^^"'^ x F„ 
are vacua of IIB compactifications on G2 for n = 7, and on Calabi-Yau manifolds for 
n = 6 and n = 4. The backgrounds AdS5^n/2 x 5'^""''^ x Y^ can be thought either of as 
the vacua of the Calabi-Yau or 5*^""/^ x Yn compactifications with fiuxes. For a recent 
application of the latter see [H]. For non-compact stability subgroups, the situation 
is different. If one views the solutions as vacua of compactifications and so insists to 
be invariant under lower-dimensional Poincare symmetry, then the only solutions are 
]^9-n,i ^ Yj^_ In particular all the fiuxes vanish because of the field equations. 

This paper is organized as follows: In sections two and three, we describe the geometry 
of maximally supersymmetric SU{3)- and S'f/(2)-backgrounds, respectively. In section 
four, five and six, we give present the maximally supersymmetric Sp{2) x M^-, [SU{2) x 
SU{2)) X M^- and M^-backgrounds, respectively. In section seven, we describe solutions 
of maximally supersymmetric G-backgrounds, for a non-compact G. In appendix A, we 
summarize the Killing spinor equations and some of their integrability conditions. 

2 Maximal /S(7(3)-backgrounds 

2.1 Supersymmetry conditions 

As we have mentioned in the introduction to solve the Killing spinor equations and the 
integrability conditions of maximally supersymmetric 5'f/(3)-backgrounds, one may use 
a basis in the Majorana-Weyl S't/(3)-invariant spinors of IIB supergravity. Such a basis^ 
is 

7/1 = 1+ ei234 , V2 = «(1 - 61234) , 

VS = 615 + 62345, ^4=^(615-62345)- (2.1) 

To proceed, it is convenient to introduce the notation A = {a,m). Here a = {a, a), 
a = (—,1) and a = (+,1) are the 'world- volume' labels and m = {^,fi), /i = (2,3,4) 

•^Note that the S'C/(3)-invariant spinors are annihilated by F^^'^^, where /ii 7^ fi2- indeed this gives 
rise to two independent projection operators, aUowing for eight supersymmetries. 



and fi = (2,3,4) denote those of the 'transverse space'. Due to the null directions, 
X° ^ (X°)* for a real vector field X. 

The algebraic Killing spinor equations ()A.2|1 imply that all components of the P-flux 
vanish. In addition, the same equation requires that 

r' — C M2_/^_ A«2_/^____n 

n — c t^ — c "2 — r^__— n 
r'- — r'- ^^ -I- r'- ^'^ — c -- _ — n 



The gravitino Killing spinor equations ()A.3|) involving G imply 

GAbm = GAiiifi2 = GAflifli = . (2.3) 

Combining the above results from the gravitino and algebraic Killing spinor equations, 
one finds that 

P = G = , (2.4) 

i.e. all the P and G fluxes vanish. 

The gravitino Killing spinor equations require that F satisfies 



Fa '^3 — 


0, 








Fa "2 _ 


Fa 


M2 _ 
aiMiM2 


P._ "2 
-^ Aaifiia2 
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from which follows that 
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J- a/ii/X2M3M4 


— F — n 



M2 



(2.5) 



(2.6) 
Subsequently, the self-duality constraint on F implies that 

-^0/^1/12^3^4 ~ -'^aia2MlM2M3 ~ -'^aia2a3MlM2 ~ -t* ai--a4fj, — U. l^^- ' J 

Therefore the non- vanishing components of F are 

-^«i«2234 ; -^a 234 ; -^aia2234 ; -^aia2234 ; (2-8) 

and their complex conjugates, where tilde denotes the traceless part. These are all 
singlets under self-duality. 

Next turn to the conditions on the geometry, the equation ()A.3|) implies the con- 
straints 

^A,bm = ^A,fj,ifi2 = , (2.9) 

for the spin connection. 



The remaining components of the spin connection and fluxes give rise to the following 
parallel transport equation: 

dAt - \lQAt + i^A./r^^e + InAMh^T'^'^t + |2F^6234r''3\ + 

+ \iFA,^^-,V'^^h = Q . (2.10) 

The generators 1, F^^ and F^'^''^ span a u(l)^ © so(3, 1) algebra inside u(l) © spin(9, 1). 
However, for A = a there are also the generators iF''^^'^ and iV^'^^^ in this connection due 
to the non- vanishing flux components p.8|l . Note that these generators satisfy the same 
algebra as 1, F^^, F^^''^, F''^ and F*^; therefore the connection in ()2.1()j) takes values in a 
u(l) © so(5, 1) = u(l) © s[(2, H) algebra^ which is not embedded in the u(l) © spin(9, 1) 
gauge symmetry. Because of this, one cannot set the connection to zero by a suitable 
gauge transformation. Observe that the traceless part of ^A,^llp.2 does not appear in the 
parallel transport equations. 

The vanishing of the curvature of the connection appearing in fl2.1()|l gives rise to the 
following equations: 

^IaQb] = , RaB^ii.^ — 8-F[^|c234-fs]''234 = , 

RaB,ciC2 ~ 8-^[A|ci234-Pb]c2234 + 8-^[A|c2234-^B]ci234 = , V[A-^B]c234 = . (2.11) 

It will be important in the following that the flux bilinear terms in the first line vanish 
due to the conditions (jTHl) on F. The conditions (Q, (EH), (EH) and (ITTTll impose 
restrictions on the geometry of spacetime which we shall investigate. 

2.2 Geometry of spacetime 

We write the spacetime metric as ds'^ = riabe"'e^ + SmnG"^^"' ■ The torsion free condition for 
the frame e"", e™ and the condition QA,bm = in ()2.9|) imply that the spacetime admits 
an integrable bi-distribution of co-dimensions four or six, i.e. both {e°} and {e™} span 
an integrable distribution. Therefore the spacetime M is locally a topological product, 
M = X4 X Yg- Furthermore, ^A,bm = in ()2.9j) implies that the metric compatible 
product structure vr = rjab^'^e^ — 5mn^^^^ is parallel with respect to the Levi-Civita 
connection. This in turn implies that vr is integrable and in the coordinate system that 
vr is diagonal, the metric is a product. In particular, 

ds\M) = ds\Xi) + ds\Y^) , ds\X^) = r]abe''e' , ds^Ye) = 5^„e"^e" , (2.12) 

i.e. ds'^lXi) does not depend on the coordinates of Yq and vice- versa. The geometry 
of X4 and Yq can be separately investigated. First consider the geometry of Yq. The 
condition ^m,,^ll^l2 = in ()2.9j) and Qrn,fj.^ = 0, which can be easily derived from ()2.11|1 
after a suitable choice of gauge, imply that Yq is Calabi-Yau. There are no additional 
conditions on Yk. 



^Note that the holonomy of the supercovariant connection of A/" = 2 ungauged supergravity in four 
dimensions is SL{2,M) J^. 



Next let us turn to investigate the geometry of X4. For this, observe that the five 
form can be written as 

F=^[H'A Rex - H^ A Imx] , (2.13) 

where x is the parallel (3,0)-form on the Calabi-Yau manifold Yq, and H^ and H^ are 
two- forms on Y4. In addition the Bianchi identity of F together with the last equation of 
(12.111) imply that H^, H^ are independent of the coordinates of Xq and are parallel forms 
on X4. The remaining conditions can now be written as restrictions on the geometry of 
X4. In particular, one has 

Raia2,bib2 ~ ^H[ai\bi\Ha2]b2 ~ ^^[ai\bi\Ha2]b2 = ^ ' 

VX, = 0, VaHl = 0, Hl^^^H^f = 0, ^H' = H\ (2.14) 

where the last condition is implied by the self-duality of F. Since H^ and H^ are parallel, 
the first equation implies that the Riemann curvature R of X4 is also parallel. Therefore 
X4 is a Lorentzian symmetric space. The fields H^ and H^ are uniquely determined by 
their values at the origin of the symmetric space up to rigid S'0(3, 1) transformations. 
Since H^ and H"^ are related by the Hodge star operator in X4, it suffices to find H^. It 
turns out that H^ can be chosen as, see e.g. [7|IT7j. 



and so H^ is 



Aie^Ae^ + Ase^ Ae^ , /ie^Ae\ (2.15) 



-Aie^ Ae'^ + Ase" Ae\ /ie"Ae\ (2.16) 



where /x, Ai and A2 are real constants. Therefore H^ defines a two-plane at the origin of 
the symmetric space I4 which is either time-like and/or space-like, or null. Moreover H^ 
commutes with H^. It is straightforward to see that in the case of the time-like and/or 
spacelike plane, X4 = ^4^5*2 x S*^, where both factors have the same radius and scalar 
curvature RAdS2 = ~4(/f + Z|) and Rs-2 = 4(/f + I2), respectively. In the case that the 
plane is null X4 = C1^4(— 2yU^l). Note that the three different geometries of X4 are 
related by Penrose limits of AdS2 x S"^ ^H]- These are the maximally supersymmetric 
solutions of four-dimensional M = 2 supergravity jTI]. This completes the proof for 
the maximally supersymmetric S'f/(3)-backgrounds. The result is summarized in the 
introduction. 

3 Maximal /S't/(2)-backgrounds 

3.1 Supersymmetry conditions 

A basis in the space of the S'f/(2)-invariant Majorana-Weyl spinors is 

?7i = 1 + ei234 , '72 = ^(1 - 61234) , ??3 = ei2 - 634 , ?74 = z(ei2 + 634) , 

?75 = ei5 + 62345 , ^6 = ^(615-62345), ^77 = 652 + 61345 , ^8 = ^(652 - 61345) -(3. 1) 
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To find the conditions that the KiUing spinor equations of appendix A impose on the 
geometry of spacetime, it is convenient to spht up the ten-dimensional frame indices into 
A = (a, m), where a = {a, a), with a = (— , 1, 2) and a = (+, 1, 2), and m = {fi, fx), with 
/i = (3,4) and /i = (3,4). 

The algebraic Killing spinor equations ()A.2|) imply that 



P = 0. (3.2) 

In addition, G is constrained as 

r' — c - — c — r'>^ — r'--— r' _— r^__— n 

^aia2t^ ^^a\a2li '-'0/^1/^2 ^^a/i '-J'a/^1/12 ^^/iiM2/'3 ^^^1/^2/^3 ^ 

'^ aia2a:i '-''(5ia2 ^0102(53 " ) l"^'"^/ 

where tilde denotes the traceless component. The gravitino Killing spinor equations 
(IA.3J1 imply that 

GAbm = 0. (3.4) 

Due to these constraints, the components Gafiip.2 also vanish and one is only left with 
Gaia2a3 compoueuts, subject to ()3.3|1 . Incidentally, G* satisfy the same conditions as it 
can be seen by taking the complex conjugate of those for G. 

The gravitino Killing spinor equations ()A.3|) together with the self-duality of F imply 
that the only non- vanishing components are 

subject to the conditions 

^ 010201^1-11 fi2 ^aia2 f^ifJ'2 -'^(51(52153/^1/^2 " l'^"'-'/ 

and similarly for the remaining two components. In addition, ()A.3j) requires that the 
component 

^A,bm = 0, (3.7) 

of the spin connection. 

Using the above conditions on the fluxes, the parallel transport equation becomes 

dAe - \iQAt + \^AHb2^'''''^ + |fiA,34r3'e + I^A./r^^e + \^a,T^^'^^ + 

+ ii^A6lte,nl„^2^'^'^"^"^e + \G A,i,2^'"'''' C * e = . (3.8) 

A necessary condition for the existence of solutions to this parallel transport equation is 
the vanishing of the curvature. This leads to the conditions 

<9[aQb] - ■^^G^A\ciC2G*B\^'''^ = , 

RAB,3i — -^[AlfcifeSQ-^B] ^ ^4 = , 

RaB,ii^ — F[A\bib2fJ.nFB] 1 2M« = Q ^ 

^AB,bib2 ~ J^[A\bic^B]b2 + J^[A\b2C^B]bi ~ ^^^ [A\bicmim2^ B\b2 — U, 

V[A-^B]bi62mim2 = {^ [A — iQ[A)GB]bib2 = , 

p[A p_B] n _ p[A pB] "■ — n 

^ m\n[b\b2^ bzb4\m2 ^ m2n[feib2 bzb4]in\ " 

-^ mim2[6i62<-^ 63^4] = <^ [bib2{G*) '(,364] = , (3.9) 

The flux bilinear terms in the flrst three lines vanish due to the conditions ()3.3j) and 
()3.6|) . It remains to solve these conditions and flnd the geometry of spacetime. 
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3.2 Geometry of spacetime 

The metric of the spacetime can be written as ds^ = riabe"'e'' + 6mne"^e"' . In addition ()H.7|1 
imphes that the spacetime M admits an integrable bi-distribution of co-dimension six 
and a metric compatible parallel product structure n. As in the SU{3) case previously, 
M = Xq X Y4, where Xq is a Lorentzian manifold and I4 is a Riemannian manifold. In 
addition, the metric is a product, i.e. 

ds\M) = ds\X(i) + ds^Y^) , ds'^iXe) = r/^bc'^e^ , ds'^iV^) = (5^„e™e" , (3.10) 

where ds'^lX^) does not dependent on the coordinates of Y^ and vice- versa. First let 
us examine the geometry of Y^. It is straightforward to observe from ()3.9|) that the 
components Rmn,fj.'^ and Rmn,zA of the Riemann curvature vanish. These curvature com- 
ponents span an 5u(2) subalgebra in so(4) = su(2) © su(2) C 5pin(9, 1). This implies 
that the holonomy of the Levi-Civita connection of 14 is contained in SU{2) and so Y4 
is hyper-Kahler. 

Next let us turn to examine the geometry of Xg. Using ()3.9p . one can see that the 
Riemann curvature of Xq is 

p 1/^ r^* c ]_^ /^* c I r) p p cmim2 ("^ ^ T\ 

J^axa2,bxb2 — 4'-^[ai|fcic'-Ja2]fe2 i^ [ai\b2C^ a2\bi ' ■^-'^ lai\bicmim2-'^ a2]b2 ■ ^'-'--'--'-J 

Moreover, ()3.9|) and the Bianchi identities imply that F and G are parallel 

VA-^6ib263mim2 = ^ AGbib2b3 = 0. (3-12) 

This in particular implies that the curvature of Xq is parallel and so Xg is a symmetric 
space. Next observe that the fluxes can be written as 

F = \[H^ A ui + H'^ A uj + H'^ A uk] , 

G = ReG + ilmG = H^ + iH^ , (3.13) 

where H^, s = 1, . . . , 5, are parallel 3-forms on Xq and uj, Cjj and Cjk are the Kahler 
forms associated with the hyper-complex structure on I4. Furthermore, the conditions 
()3.3|) and ()3.6|) imply that H^ are anti-self-dual three-forms on Xg. The remaining 
conditions conditions in terms of H'^ can now be written as 

-^^102,0304 — 2 2-^ \°'^\°'3b\^ a2\a4, = U, Vai-najaga^ = -H^^ j^^^^-H^^^^j^^ = 0. (3.14) 

s 

These conditions are precisely those that one finds for the maximally supersymmetric so- 
lutions of (2, 0) supergravity in six dimensions fTl]. In particular Xg is a six-dimensional 
Lorentzian Lie group with anti-self-dual structure constants. These groups have been 
classified in jT3I and they are locally isometric to M^'^, AdS^, x S"^ and CVFg(/l), and 

H' = v'H , (3.15) 

where H are the structure constants of Xg and f , f^ = 1, is a constant vector. The 
maximally supersymmetric IIB S'f/(2)-backgrounds have been summarized in the intro- 
duction. 
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4 Maximal Sp{2) k M^-backgrounds 

4.1 Supersymmetry conditions 

A basis in the space of the Sp{2) k M^-invariant Majorana-Weyl spinors is 

r7i = l+ei234, ^2 = ^(1-61234), ^3 = «(ei2 + 634) . (4.1) 

To find the conditions that the Kilhng spinor equations of appendix A impose on the 
geometry of spacetime, it is convenient to spht up the ten-dimensional frame indices into 
A = (— , +, i), where i = (a, a) and a = (1, . . . , 4). 

The algebraic Killing spinor equations ()A.2|) imply that 

P+ = Pi = 0, (4.2) 

i.e. only P_ is non-vanishing. In addition, the algebraic and the gravitino Killing spinor 
equations imply that 

G — |_i = G+ij = Gijk = , (4.3) 

i.e. the only non- vanishing components are G = e~ A L, where L = ^Lije^ A e^ . These 
components are in addition constrained as 

L^ = , (4.4) 

where we have used the decomposition of the space of two-forms, A^(M^) = 3p(2)©3A5© 
3A|, under 5^(2) = Spin{5). Therefore, one can write that 

G = e- A{L"^^^^+eUr), (4.5) 

where 

uji = uji = -i5a^e" A e^ , 

U2 = ojj = Re(e«/3e" A e^) , u:>, = uk = -Im.^eo.pe"' A e^) , (4.6) 

are the Hermitian forms generated by the quaternionic endomorphisms /, J and if, and 
f are spacetime functions. We follow the notation of [T^ . 

Next let us turn to the conditions on the F fiuxes. The gravitino Killing spinor 
equations ()A.3|) together with the self-duality of F imply that 

0. (4.7) 





-Til-.-ig - 


'- F+i^,,,i^ 


1 -^ hil«2«3 


Therefore one can write 








F = e" A M , 


M = 


iM,,„,,e'^ 


In addition. 


the Kilhng spinor equations 


imply that 






M^ 


= 0, 



■ ■ A e^* . (4.8) 

(4.9) 
11 



where we have used the decomposition of self-dual 4-forms, A^+(R^) = A^4©3A5"'"©6A^"'", 
under Sp{2) representations^. Therefore, one can write 

F = e" A (M^^ + m"V A oj,) , (4.10) 

where {m^^) is a symmetric matrix of spacetime functions. 

Furthermore, the gravitino Killing spinor equation ()A.3|1 imposes the conditions 

QA,+^ = , nX,^ = , (4.11) 

on the geometry of spacetime, where the restriction to the five-dimensional 5*^(2) repre- 
sentation is made in the i,j indices. Therefore, one can write that 

^A,i,=^t'j^+^Ai^r)^,. (4.12) 

Using the above expressions for the fluxes and the geometry, the parallel transport 
equation becomes 

dAe - \%QAt + |fiA,-+e + \^\{u:r)iP'e = , A ^ - 

+ \t{uJr)ijr^C*e = (4.13) 

The components L^'^^'^\ f2^ and M^'^ do not appear in the parallel transport equations 
and so the Killing spinor equations do not constrain them further. The integrability 
condition of ()4.13p is the vanishing of the curvature of the associated connection which 
depends on the fluxes. This leads to the flatness conditions 

d[A^B]-+ = , Rab = ; d[AQB] = , 

V^r = , VAim'' - l6'%i m) = , (4.14) 

where V is the connection and Rab i^ the curvature of the sp(l) connection Q^, respec- 
tively, and 

Qa = Qa, Ay^-, Q„ = g_ + ftrm. (4.15) 

Notice that in this case m° = ^trm X]r=i^r ^ ^r, i-e. it is proportional to the 5*^(2) • 
S'p(l)-invariant four-form. It turns out that the components ^2^,-+, fi^, Qa of the con- 
nection can be set to zero with a gauge transformation in U{1) x 5*0(1, 1) x 5*^(1) C 
[/(I) X Spin{9, 1). In this gauge, one finds that the remaining conditions of ()4.13|) to- 
gether with dP = imply that 

r = r{v) , m" = m'^'iv) , trm = -j^Q-{v) . (4.16) 

The expressions for the fiuxes are summarized in the introduction. 



^Using sp(2) = so(5), A14 can be identified with the traceless symmetric representation 5*^(1^ ). 
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4.2 Geometry and field equations 

In the lightcone frame (e~, e"*", e*) which arises from the description of spinors in terms 
of forms, the spacetime metric can be written as ds^ = 2e~e~^ + dijC^eK Choosing the 
gauge ^A,+- = and using the conditions ()4.1H) . one finds that VLa,+b = 0. So the null 
vector field X = e+ is parallel^ 

VX = . (4.17) 

The conditions ()4.1ip . ()4.12|) and ()4.14|) imply that the holonomy of the Levi-Civita 
connection of the spacetime is 

hol(V) C Sp{2) K R^ . (4.18) 

Adapting coordinates along X = -^ and using that X is rotation free, the spacetime 
metric can be written as 

ds^ = 2dv{du + Vdv + njC*) + (5jje*e-^ , e~ = dv , e~^ = du + Vdv + nie'' , (4.19) 

where all the components of the metric are independent of u but they may depend on 
V and the remaining coordinates. Clearly the spacetime is a pp-wave propagating on an 
eight-dimensional manifold Yg given hj u,v = const. The metric of Yg is ds"^ = SijC^eK It 
is straightforward to see that the conditions on the geometry imply that the holonomy 
of the Levi-Civita connection, V, of Fg is contained in Sp{2), hol(V) C 5*^(2), i.e. Fg is 
a hyper-Kahler manifold. Observe that the metric of Yg depends on v and so v can be 
thought of as a deformation parameter of the S'p(2)-structure. 

Furthermore, one can use the torsion free conditions to compute the Levi-Civita 
connection of ()4.19|) . The result has been presented in ()7.1|) . In this case, the conditions 
on the geometry imply that ^-,ij take values in sp{2). The fluxes and conditions on the 
geometry are summarized in the introduction. The remaining cases with non-compact 
stability subgroup can be analyzed in a similar way. Because of this, we shall not present 
all the details. 

It is well known that the Killing spinor equations impose some of the supergravity field 
equations. So it remains to find the field equations that are not satisfied as consequence 
of the Killing spinor equations. Since the fluxes are null, the Bianchi identities reduce to 
dP = dG = dF = 0. In addition after some investigation of the integrability equations 
of appendix A, one finds that if 

E__ = , (4.20) 

then all the field equations are satisfied. This is the case for all maximally supersymmet- 
ric G-backgrounds for G non-compact. Because of this, we shall not repeat this analysis 
in the other cases. 



^There is a parallel null vector field independent of the choice of gauge, i.e. if i^A,+- — OaJ, then 
X = e^e+ is parallel. 
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5 Maximal {SU{2) x SU{2)) k M^-backgrounds 

A basis in the space of the {SU{2) x SU{2)) x M^-invariant Majorana-Weyl spinors is 
?7i = l + ei234, V2 = ii^ - ei234) , ^3 = 612-634, r/4 = ^(ei2 + 634) . (5.1) 

To find the conditions that the Kilhng spinor equations of appendix A impose on the 
geometry of spacetime, it is convenient to use hght-cone frame indices A = (— , +, i) and 
spht up i = (a, m) according to embedding SO (4) x SO (4) C SO (8). In addition, we use 
holomorphic and anti-holomorphic indices, U{2) x f/(2) C SO (4) x 5*0(4), as a = (a, a), 
with a = (1, 2), and m = (/x, /i), with /i = (3, 4). 

The algebraic Kilhng spinor equations ()A.2|) imply that 

P+ = Pi = 0, (5.2) 

i.e. only P_ is non-vanishing. In addition, the algebraic ()A.2|) and gravitino ()A.3j) Killing 
spinor equations imply that 

G+AiA2 = Gijk = . (5.3) 

Therefore, the non-vanishing components of G are 

G = e- AL , L = \Lij e A e^ . (5.4) 

The Killing spinor equations imply that 

G-am = . (5.5) 

Thus we find that 

L = i(L,,e" A e" + L„„e'" A e") . (5.6) 

Each of these components decomposes further under SU{2) C 5*0(4) as A^(M'^) = 3A| © 
su(2). Therefore L can be written as 

T — rsu(2)e0u(2) I rinv 

r- = £ia;i + f ^2 + ^\i + ^'X2 + ^'Xi + ^'X2 , (5.7) 

where uJi = —ie^ A e^ — ie^ A e^ and % = 2e^ A e^ are the hermitian and holomorphic 
volume forms associated with SU{2) x {1} c SU{2) x SU{2), respectively, and similarly 
for UJ2 and X2- Furthermore, i^, . . . ,i^ are spacetime functions and the first component 
of L takes values in su(2) © su(2) as indicated. 

Next, let us turn to the conditions on the F fiuxes. Again, one can show using the 
Killing spinor equations that the non-vanishing components of F can be written as 

F = e- AM , M = ^Mijkie' A e^ A e'^ A e' . (5.8) 

The gravitino Killing spinor equations ()A.3j) together with the self-duality of F imply 
additional conditions on M. It turns out that M can be written as 

M = m°[u;i A cui + CU2 A u^] + \Ma,a,m,m,e''' A e' A e'"! A e'"^ . (5.9) 
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The last component is further restricted. Decomposing the last components of M in 
SU{2) X SU{2) representations, one can write that 

M = m°[cui A cui + CU2 A c^s] + M'""" + M^^'^^ , 

M*"^ = m^ui A u;2 + Re[m^u;i A X2 + m^uj2 A Xi + m^Xi A X2 + m^Xi A X2] , 

^(3,3) ^ lM^^^_ e" A e'^ A e^ A e% (5.10) 

where we have used the decomposition A2(M4)(g)A2(M'^) = 9A(i^i)©3A(i^3)©3A(3_i)©A(3_3) 
under SU{2) x SU{2), and M traceless. Furthermore m° and m^ are real and m^, . . . , m^ 
are complex functions of spacetime, respectively. 

The Killing spinor equation ()A.3|) also restricts the geometry of spacetime. In par- 
ticular, one finds that 

^A,bm = ^A,+i = . (5-11) 

The spin connection can be written as as 

O _ qSu{2)®su{2) ^inv ('c;10^ 

in analogy with ()5.7p . where the decomposition is only in the i,j indices. Using this, the 
parallel transport equation can be written as 

Oa^ - \iQAt + \^A,-+e + if^r/^^e = , A^- 

-2im°e + i^iM^l^r^^'e + iLJf r^(C*)e = . (5.13) 

These parallel transport equations are independent of f]s«(2)®s«(2)^ ^su{2)®su(2) ^^^ M^^'^\ 
So there are no further conditions on these components imposed by the Killing spinor 
equations. It remains to solve the above parallel transport equations. For this observe 
that the connection fi™^ takes values in su(2)^ ©su(2)^ = su(2) ©su(2). This is because 
so (4) = A^(M^) = su(2) © su(2). The vanishing of the curvature implies that 

d^A^B],-+ = , E}^" = Q, O^aQb] = , 

ym.;^mv _ yinv^inv = 0,^7^- (5.14) 



where 



Qa = Qa^ A^-- g_ = g_+4m°, (5.15) 



and V™^ is the covariant derivative and i?™^ is the curvature of the connection 1]™^, 
respectively. As in the previous case, there is a local f/(l) x Spin{9, 1) transformation to 
set ^A,-+ = Qa = ^A^ = 0. In this gauge and using dP = 0, we find that (|5.14|) imply 
that 

m° = -lg_(t;), (5.16) 

and that the spacetime functions in ()5.7j) and ()5.1()j) that determine L™^ and M"^^ depend 
only on the v coordinate. The description of the geometry of spacetime is similar to 
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that of the Sp{2) x M® case we have already investigated. In particular, there is a null 
parallel vector field X and the holonomy of the Levi-Civita connection is contained in 
{SU{2) X SU{2)) K M^. Therefore the spacetime is a pp-wave propagating in an eight- 
dimensional space Yg which has holonomy'^ Spin{4) = SU{2) x SU{2). The results of 
our analysis have been summarized in the introduction. 

6 Maximal M^-backgrounds 

To investigate the Killing spinor equations and the integrability conditions of the maxi- 
mally supersymmetric M^-backgrounds, one needs the Majorana M^-invariant spinors of 
IIB supergravity. A basis of the M'^-invariant spinors is 

r]i = 1 + ei234 , V2 = ^(1 - 61234) 

^3 = ei2 - 634 , ?74 = i{ei2 + 634) 

V5 = ei3 + 624 , Va = *(ei3 - 624) 

Vr = 623-614, m = i{(^23 + eu) (6.1) 

Observe that these spinors are characterized by the condition 

r-// = . (6.2) 

In this section we shall again use the the light-cone decomposition of the frame indices 
A = {—,+,i). The algebraic Killing spinor equations ()A.2j) and ()A.3j) imply that the 
non- vanishing components of P and G are 

P = P_e- , G = e- AL , L = \Lije' A e^ . (6.3) 



There are no further restrictions on L. Similarly, (jA.3|l implies that the non-vanishing 
components of F are 

F = e- AM , M = ^Mijkie' A e^ A e^^ A e' . (6.4) 

There are no further restrictions on M. The condition on the geometry in this case is 

nA,+i = (6.5) 

together with the parallel transport equations. The parallel transport equation for / 
now reads as follows. For A ^ — we have 

dAe - ItQAe + ^^A,-+e + \nA,^,^^e = , A^- 

d_e - \iQ_e + |l^_,_+e + \VL_^,,r^e + lU^V^C * e + ^zM,,Hr'''e = . (6.6) 

The connection C, see appendix A, takes values in 0[(16,M) = gl(8,M) ® H. The inte- 
grability conditions of the above parallel transport equations imply that 

d[A^B]-+ = , OiaQb] = , R'is = , 



^If Ys is compact and simply connected, then it is a product Ig = Mi x M2, where Mi and M2 are 
four-dimensional hyper-Kahler manifolds. 
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VaUj = , VaM^.m = , a ^ - , (6.7) 

where V and K^^ is the covariant derivative and the curvature of ^A,ij, respectively. A 
similar analysis to the previous case reveals that in the gauge Qa = ^a-+ = ^A,ij = 0, 
L and M depend only on v. Our solutions generalize those of [20] since they contain both 
G and F fluxes. Compare also our result with the eleven-dimensional supergravity pp- 
wave solution of J2I]. Generic backgrounds preserve sixteen supersymmetries. However, 
for special choices of fluxes the supersymmetry can be enhanced jSl 122 123 12^1 • The 
results have been summarized in the introduction. 



7 pp-wave solutions with fluxes 

We have identified all maximally supersymmetric G-backgrounds, for G compact, up to 
a local isometry. It remains to extend this to the cases where G is non-compact. The 
torsion free condition implies that 

Qij- = e\id^ej)i + l{dn)ij , fi_ _i = diV - d^nie^i , 

Q-^ij = e\idyej]i - \{dn)ij . (7.1) 

So to find the solutions in the non-compact case, one has to find the most general 
solution of (J1.18p and restrict e^flA,ij to I. This is a rather challenging problem in the 
case that the fields depend on the coordinate v. However, the problem is considerably 
simplified provided that the fields are taken to be independent of v. In such a case, the 
field equation reduces to ()1.19p and dn is required to take values in t. This equation is a 
Laplacian equation on the eight-dimensional transverse space Yg for the function^ V with 
a source term reminiscent of that of resolved branes in |21j. The source term depends on 
the fluxes and a rotation term depending on df3. The simplest case is whenever the fluxes 
F = G = and dn = 0. In this case, V^ is a harmonic function of Yg, D^V = 0. These 
are the standard type of pp-waves propagating on manifolds of holonomy K. Many 
such solutions have been found by solving for a. In particular, in the case Yg = M®, 
V = fiQ + ^,- ^\,6 - A generalization of these solutions is to allow for the presence of 

fluxes. In particular, one can take L* = M = but L"^^ = M™^ ^ 0. In this case, the 
equation for a becomes 

OsV = -2P , (7.2) 

where / is a constant that depends on the coefficients of the invariant terms. This 
equation can be solved in a variety of cases. For example if Yg = K^, then one can write 

y = -A,,i/y + Sy + /io + V— ^, tTA = l'. (7.3) 

i \y-yi\ 

The additional term modifies the asymptotic behavior of the solution as |?/| — > oo which 
is now a plane wave instead of fiat space. 



^The function a can remain an arbitrary function of v. 
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One can also construct examples with dn ^ 0. In all these cases, dn takes values in 6. 
Solutions to these conditions are known in many cases. For example for Ig = M*^, some 
solutions have been summarized in f??] . 

It is also possible to obtain under certain conditions smooth solutions for Fg compact 
without boundary. Integrating p.l9|) by parts and using ()1.11|) . we find that 

I rfvol [||dn|p-8||M||2- ||L||2-4||P|p] =0 . (7.4) 

JYs. 

This equation can be read as a condition for the cancelation of field fluxes against angular 
momentum associated to the spacetime. If (in = the above condition cannot be satisfied 
and smooth solutions do not exist. The above condition can be written in various ways. 
In particular using p.l2|) and the orthogonality in the decomposition of the fluxes, one 
finds that 

I rfvol [||t/n||2 - 8(||M'°"||2 + ||M|n - (||L*||2 + ||L'°"|n - 4||P||2] = . (7.5) 

Jys 

In addition, in many cases ()7.5p depends on the cohomology class [dn] G H'^(Y^,M) 
and not on the representative chosen. For example in the Calabi-Yau case ()1.14jl . the 
condition (j7.5|l can be written as 

I [~\dn AdnAco^- 8(M'°" A M''^" + M A M) + |Z* A L* A to^] 

- [4ti + 4P_!P_] Yo\{Ys) = . (7.6) 

To find a solution, it remains to specify dn, M and L'. The existence of these require 
additional conditions, see e.g. j^H]- For example in the Calabi-Yau case, the existence of 
dn and L' requires that 

rfn A cj3 = , f V<^^ A cj3 = . (7.7) 

It is likely that similar conditions are required for the remaining cases. Many exam- 
ples can be constructed for Yg non-compact. However, this may require case by case 
investigation. 
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Appendix A Killing spinor and integrability condi- 
tions for maximal G-backgrounds 

The Killing spinors of maximally supersymmetric G-backgrounds can be written as 

e* = X] fijVj , ^, j = 1, • • • , A^max , (A.l) 



where rjp, p < m, are G-invariant Majorana spinors and rjm+p = irjp, A^max = 2r?7,, and 
/ = (fij) is a A^max X A^max invertible matrix with entries real spacetime functions. It has 
been shown in |21 IS| that the algebraic Killing spinor equations of IIB supergravity for 
the maximally supersymmetric G-backgrounds can be written as 



^^r^ Vp = , p=l,...,m, 
r^'^'^'GABcVp = 0, p=l,...,m. (A.2) 

Similarly, the gravitino Killing spinor equation can be expressed as 

N N 

N N 

J2ir'DMf)pj V, + ^ J2^r'DMf)m+pj ^ + iGM^cr^^r/p = O , (A.3) 

i=i i=i 

where we have set A^ = A^max for simplicity. In turn, these equations can be rewritten as 
a set of algebraic conditions on the fluxes and a parallel transport equation associated 
with the restriction of the supercovariant derivative along the bundle of Killing spinors. 
The latter condition can be written as f~^df + C = 0. This gives rise to the integrability 
condition dC - C AC = 0. 

Sometimes it is helpful to express ()A.3|) in terms of the Killing spinors e. This gives 



dAe - \iQAt + ifiA,BiB.r^^^^e + l^iFAB,-B,T'''-'''e + \Gab,b,T''''''C * e = . (A.4) 

However in this form, the various terms that arise with different powers of gamma 
matrices are not linearly independent. The integrability condition is 

-\i{d[AQB] - ^iG[A\DiD2G*B]^^^^)e 

+ 1{IRabCiC2 - ^-^[AlCiDi-D3-^B]C2 '" ^ " IG[a\CidG*b]C2 )^ ' ^^ 

+IC^[aGb]CiC2 - iQlAGsiCiCi - ■^iFlAiCiCiDiDiGB] ^ '^)T ^ ^G * e 

+ ^F[A\Ci-C3dFb]C4-C6^^'^''^"'^'''(^ 

+^^zFiA\c,-c,GB]c,Cs'r'''-^'G * e = . (A.5) 

As we have already mentioned, the linear system that determines the components 
of the field equations that are implied from the Killing spinor equations simplifies for 
maximally supersymmetric G-backgrounds ^. In particular, one finds that 

[^T''EAB~tT''^''''''LFAB,B2B,]Vp = 0, 

[r''LGAB-rA'''-'''BGB,...B,]np = o, 

[lT^''LGAB + r^'-^'BGA,...A,]vp = 0, 

[LP + r^^BPAB]Vp = 0, p=l,...,m, (A.6) 

where the expressions for the field equations and our notation is explained in jH]. We 
use this linear system to find the field equations that must be imposed in addition to 
the Killing spinor equations for a supersymmetric configuration to be a solution of the 
supergravity theory. 
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